We show that a regular totally ω-narrow paratopological group G has countable index of regularity, i.e., for every neighborhood U of the identity of G, we can find a neighborhood V of and a countable family γ of neighborhoods of in G such that W ∈γ V W −1 ⊆ U. We prove that every regular (Hausdorff) totally ω-narrow paratopological group is completely regular (functionally Hausdorff). We show that the index of regularity of a regular paratopological group is less than or equal to the weak Lindelöf number. We also prove that every Hausdorff paratopological group with countable π-character has a regular G δ -diagonal. 
Introduction
In Section 2 we deduce some inequalities between cardinal invariants of paratopological (semitopological) groups. In particular, we prove that every regular totally ω-narrow paratopological group has countable index of regularity (see Theorem 2) . It follows from Theorem 2 and [20, Theorem 3.8] that a regular paratopological group G can be topologically embedded as a subgroup into a product of regular second countable paratopological groups if and only if G is totally ω-narrow. This fact answers in the positive a problem posed by M. Tkachenko (see [22, Problem 7.4 
]).
The following problem is still open. Suppose that G is a regular paratopological group; is G completely regular (or functionally Hausdorff)? In this direction, we prove that every regular (Hausdorff) totally ω-narrow paratopological group is completely regular (functionally Hausdorff). According to [20] , the index of regularity of a regular paratopological group is less than or equal to the Lindelöf number of the group. Clearly, the weak Lindelöf number of a given space X , denoted by (X ), is less than or equal to the Lindelöf number of X . Theorem 10 states that every regular paratopological group G satisfies the inequality I (G) ≤ (G). In particular, every regular separable or precompact paratopological group has countable index of regularity. We do not know whether every regular ω-narrow paratopological group G satisfies I (G) ≤ ω (see Problem 3) . In [14] , A. Ravsky shows that every paratopological group G satisfies the equality πω(G) = I (G)πχ(G). According to [11] , the inequality (G) ≤ I (G)χ(G) holds for every semitopological group G. In Theorem 21, we prove that every semitopological group G satisfies πω(G) = I (G)πχ(G). Clearly, Theorem 21 generalizes both results mentioned above. Arhangel'skii and Burke proved that every Hausdorff first-countable Abelian paratopological group has a regular G δ -diagonal (see [1, Theorem 17] ). After, C. Liu shows in [12] that a Hausdorff first-countable paratopological group has a regular G δ -diagonal, which gives an affirmative answer to Arhangel'skii-Burke's question (see [1, Problem 25] ). In Theorem 25, we show that "countable character" in Liu's result can be weakened to "countable π-character".
Cardinal invariants
Let τ be an infinite cardinal. A semitopological group G is called τ-narrow if for every neighborhood U of the neutral element in G, there exists a set A ⊆ G such that AU = G = UA and |A| ≤ τ. Let G be a paratopological group with topology τ. We define the conjugate topology τ −1 on G by τ −1 = {U −1 : U ∈ τ}. The upper bound τ * = τ ∨ τ −1 is a topological group topology on G and G * = (G τ * ) is called the topological group associated to G. Given a (topological) property , a paratopological group G is called totally if the associated topological group G * has property . In particular, we consider totally τ-narrow paratopological groups. Denote by ( ) the family of neighborhoods of the identity in a semitopological group G. We recall that the index of regularity I (G) of a regular semitopological group G is the minimum cardinal number κ such that for every neighborhood U of the identity in G, one can find V ∈ ( ) and a family γ ⊆ ( ) such that W ∈γ V W −1 ⊆ U and |γ| ≤ κ (see [20] ). Using the index of regularity, M. Tkachenko characterizes the subgroups of products of regular second-countable paratopological groups: Theorem 1.
([20]) A regular paratopological group G can be topologically embedded as a subgroup into a product of regular secondcountable paratopological groups if and only if G is totally ω-narrow and I (G) ≤ ω.
In [22, Problem 7.4 
] M. Tkachenko posed the following problem:
A) Let G be a Tychonoff totally ω-narrow paratopological group. Is G topologically isomorphic to a subgroup of the product of a family of second-countable regular paratopological groups?
By Theorem 1, we can rephrase question A) as follows: Does every totally ω-narrow regular paratopological group G satisfy the inequality I (G) ≤ ω?
The following result answers questions A) in the positive.
Theorem 2.
If G is a regular totally τ-narrow paratopological group, then I (G) ≤ τ. In particular, every regular totally ω-narrow paratopological group has countable index of regularity.
Proof. Take U ∈ ( ). Since G is a regular paratopological group, we can find V ∈ ( ) such that V V 2 ⊆ U. By hypothesis, there exists a subset F ⊆ G * such that |F | ≤ τ and ( 
Problem 3.
Does every ω-narrow regular paratopological group G satisfy the inequality I (G) ≤ ω?
Corollary 4.
A regular paratopological group G can be topologically embedded as a subgroup into a product of regular secondcountable paratopological groups if and only if G is totally ω-narrow.
The next question is still open (see [21] ).
Problem 5.
Let G be a regular paratopological group. Is G completely regular? Is G functionally Hausdorff?
The following two corollaries are related with the previous problem.
Corollary 6.
Every regular totally ω-narrow paratopological group is completely regular.
Proof. It follows from 4.
Let (G τ) be a paratopological group. The family {I U : U ∈ τ} is a base for a topology τ on G. This topology is called the regularization of the topology τ. The regularization (G τ ) of the space (G τ) is denoted by (G). According to [14, Example 1.9] , (G) is a T 3 paratopological group. In addition, if G is a Hausdorff paratopological group, then (G) is a regular paratopological group.
Corollary 7.
Every Hausdorff totally ω-narrow paratopological group is functionally Hausdorff.
Proof. Let G be a Hausdorff totally ω-narrow paratopological group. The regularization (G) of G is a regular paratopological group. Since the topology on (G) is weaker than the topology on G, the group (G) is totally ω-narrow. Applying Corollary 6, we conclude that (G) is completely regular. It follows that G is functionally Hausdorff.
Proposition 8.

If G is a regular totally ω-narrow paratopological group with countable pseudocharacter, then G admits a continuous isomorphism onto a separable metrizable paratopological group.
Proof. By Theorem 4, G is topologically isomorphic to a subgroup of a product H = ∈I H , where every H is a separable metrizable paratopological group. Since G has countable pseudocharacter, there exists a countable subset J ⊆ I such that the restriction to G of the projection J : H → ∈J H is a continuous monomorphism. Therefore, G admits a continuous isomorphism onto the separable metrizable paratopological group J (G).
In [18] the authors posed the problem: Does every totally ω-narrow Hausdorff paratopological group of countable pseudocharacter admit a continuous isomorphism onto a second-countable Hausdorff paratopological group? In [16] , we answered this question in the negative. Here, we give a characterization of the corresponding paratopological groups:
Proposition 9.
If G is a Hausdorff totally ω-narrow paratopological group with identity , then the following conditions are equivalent: a) G admits a continuous isomorphism onto a separable metrizable paratopological group; b) there exists a countable family γ ⊆
( ) such that V ∈γ V = { }.
Proof. Clearly a) implies b). Applying Proposition 8 to the regularization (G) of G, we have that b) implies a).
A similar result appears in [23, Corollary 2.5]: every Hausdorff totally ω-narrow paratopological group G with H (G)ψ(G) ≤ ω admits a continuous bijection onto a Hausdorff space with countable base. Given a space X , the weak Lindelöf number of X , denoted by (X ), is the minimum cardinal number κ ≥ ω such that every open cover γ of X contains a subfamily λ such that λ is dense in X and |λ| ≤ κ. It follows from the definition that (X ) ≤ (X ) ≤ (X ) and (X ) ≤ (X ). Every regular paratopological group G satisfies the inequality I (G) ≤ (G) (see [20, Proposition 3.5] ). The next result improves this upper bound for the index of regularity.
Theorem 10.
Every regular paratopological group G satisfies I (G) ≤ (G).
Proof. Take U ∈ ( ). Since G is a regular paratopological group , we can find W V ∈ ( ) such that W ⊆ U 
Corollary 12.
Every regular precompact paratopological group has countable index of regularity.
Proof. Let G be a regular precompact paratopological group. By [5, Corollary 3] , G has countable cellularity.
Applying the previous corollary, we conclude that I (G) ≤ ω.
In the sequel we use the following fact:
Theorem 13. Proof. By [9, Corollary 25.15] , there exists ∈ T κ such that the subgroup generated by { } is dense in T κ . Take α ∈ κ. Let α : T κ → T be the projection of T κ onto the αth factor. Since α is a continuous homomorphism, the subgroup generated by { (α)} is dense in T. This implies that (α) has infinite order.
([20]) A regular paratopological group G can be topologically embedded as a subgroup into a product of first-countable regular paratopological groups if and only if G is ω-balanced and satisfies I (G)
We recall that the Hausdorff number H (G) of a Hausdorff semitopological group G is the minimum cardinal number κ such that for every neighborhood U of the identity in G, there exists a family γ ⊆ ( ) such that V ∈γ V V −1 ⊆ U and |γ| ≤ κ (see [20] ). In [16] , we define the symmetry number S (G) of a T 1 semitopological group G as the minimum cardinal number κ such that for every neighborhood U of the identity in G, there exists a family γ ⊆ ( ) such that
Here we show that in Hausdorff paratopological groups, the weak Lindelöf number is not an upper bound for the symmetry number.
Example 17.
There exists an Abelian functionally Hausdorff totally separable (hence weakly Lindelöf) paratopological group H with uncountable symmetry number. In addition, there exists a continuous isomorphism of H onto a precompact Hausdorff topological group.
Proof. For every ∈ Z, put R = { ∈ Z : ≥ }. The family {R : ∈ Z} is a base for a topology σ on Z such that G = (Z σ ) is a second-countable T 0 paratopological group. The one-element family {R 0 } is a local base for G at 0 G . Consider the circle group T endowed with the usual topology. We will use additive notation for multiplication in T. By the previous lemma, there exists ∈ T ω 1 \{0} such that the subgroup generated by { } is dense in
. Take 0 ∈ K such that 0 T ω 1 \{0} = and 0 (0) = 0. We fix an element ∈ T of infinite order. For every α ∈ ω 1 \ {0}, we define α ∈ K as follows:
Denote by H the subgroup of K generated by { α : α ∈ ω 1 }. Let us show that H is functionally Hausdorff. Let be the projection of K onto T ω 1 \{0} and | H the restriction of to H. It is easy to see that the set 
4]). The topological group associated to K is
, where Z has the discrete topology and T has the usual topology. Let F be the subgroup of K generated by { α : α ∈ ω}. Let us show that F * is dense in K * . Let U = α∈ω 1 U α be a non-empty canonical open set in K * . We can assume that (U) = {0 α 1 α } and U 0 = { }, where ∈ Z. Since the subgroup generated by { } is dense in T ω 1 \{0} , there exists ∈ Z such that (α ) = 0 (α ) ∈ U α , for each ≤ . Take β ∈ ω 1 \ (U). Consider the element = 0 − β . We have that (0) = ∈ U 0 and (α ) = 0 (α ) ∈ U α , for every ≤ . This implies that ∈ U ∩ F * . It follows that F * is dense in K * , so F * is dense in H * . Since F * is countable, H * is separable. Let M be the subgroup of K generated by { α : α ∈ ω 1 \ {0}}. We show in [16, Example 2.29] 
By Corollary 12, every regular precompact paratopological group has countable symmetry number. However, the same conclusion is not valid for Hausdorff precompact paratopological groups.
Example 18.
There exists a Hausdorff precompact paratopological group with uncountable symmetry number.
Proof. According to [4] , a Hausdorff paratopological group G is a subgroup of a precompact Hausdorff paratopological group iff G admits a continuous isomorphism onto a precompact Hausdorff topological group. The group H in the previous example admits a continuous isomorphism onto a precompact Hausdorff topological group, so H is a subgroup of a precompact Hausdorff paratopological group H 1 . Finally, ω < S (H) ≤ S (H 1 ). This finishes the proof.
A Hausdorff totally Lindelöf paratopological group of countable pseudocharacter admits a continuous isomorphism onto a Hausdorff paratopological group with a countable base ( [18, Corollary 3.17] ). Now, we show that in the previous result "totally Lindelöf" cannot be replaced by "totally weakly Lindelöf".
Example 19.
There exists a totally separable functionally Hausdorff commutative paratopological group of countable pseudocharacter which does not admit a one-to-one continuous mapping onto a first-countable Hausdorff space.
Proof. There exists a topology µ on the additive group R such that F = (R µ) is a second-countable T 1 paratopological group and the family of sets {U = (− 1 1 ) ∪ ( ∞) : ∈ N} is a local base for F at 0 F (see [16, Example 2.25] ). Consider the circle group T endowed with the usual topology. Take an independent subset A = { α : α ∈ ω 1 } ⊆ R + of (R +) such that 0 R is an accumulation point of A in R with usual topology. Take an element ∈ T ω 1 \{0} such that the subgroup generated by { } is dense in
We fix an element ∈ T of infinite order. For every α ∈ ω 1 \ {0}, we define α ∈ K as follows:
Let H be the subgroup of K generated by { α : α ∈ ω 1 }. We argue as in Example 17 to conclude that H is functionally Hausdorff.
} is independent subset of (R +), we have that = 0 for each ≤ , so = 0 H . It follows that H has countable pseudocharacter. The topological group associated to K is K * = R × T ω 1 \{0} , where R and T have the usual topology. Let G be the subgroup of K generated by { α : α ∈ ω}. Let us show that G * is dense in K * . Take a non-empty canonical open set U = α∈ω 1 U α in K * . We can assume that (U) = {0 α 1 α }. Since the subgroup generated by { } is dense in T ω 1 \{0} , there exists a integer such that (α ) = 0 (α ) ∈ U α , for each ≤ . Since 0 R is an accumulation point of A, the subgroup generated by A is dense in R. Therefore, there exist β ∈ ω 1 \ (U) and ∈ Z such that β ∈ U 0 − 0 . Consider the element = 0 + β . We conclude that (0) = 0 + β ∈ U 0 and (α ) = 0 (α ) ∈ U α , for every ≤ . This implies that ∈ U ∩ G * . It follows that H * is separable. Denote by M the subgroup of K generated by { α : α ∈ ω 1 \ {0}}. In [16] , we show that M does not admit a one-to-one continuous mapping onto a first-countable Hausdorff space. Since M is a subspace of H, the same conclusion is valid for H. 
Proposition 20.
If a paratopological group G contains a dense τ-narrow subgroup H, then G is τ-narrow.
Proof. Let According to [14] , the equality πω(G) = I (G)πχ(G) holds for every paratopological group G. Recently, the authors of [11] showed that every semitopological group G satisfies the inequality (G) ≤ I (G)χ(G). The next theorem generalizes the results mentioned above.
Theorem 21.
If G is a semitopological group, then πω(G) = I (G)πχ(G). 
Proof. Clearly, πω(G) ≥ πχ(G) and πω(G) ≥ (G) ≥ I (G), whence, πω(G) ≥ I (G)πχ(G)
.
Corollary 22.
Every ω-narrow semitopological group with countable π-character has countable π-weight.
Corollary 23.
Every ω-narrow semitopological group with countable π-character is separable. is a subbase for a T 1 topology on G. Take ∈ G satisfying = ; there exists V ∈ Γ such that
, which contradicts the choice of V . Denote by τ the topology on G generated by , then (G τ) is a T 1 space of weight not greater than κ. Applying [10, 2.2], we conclude that |G| ≤ 2 κ .
In [24] , P. Zenor shows that space X has a regular G δ -diagonal if and only if there is a sequence {γ : ∈ ω} of open covers of X such that if and are distinct points of X , then there exist ∈ ω and open neighborhoods U and V of and , respectively, such that no member of γ intersects both U and V .
Theorem 25.
Every Hausdorff paratopological group G with countable π-character has a regular G δ -diagonal. ⊆ V ⊆ U ⊆ UV V ⊆ U 3 . Which contradicts the choice of U. Therefore, no member of γ intersects both V and V . We conclude that G has a regular G δ -diagonal.
Proof. Let
A subset B of a space X is said to be bounded in X if every infinite family ξ of open subsets of X such that V ∩ B = ∅, for every V ∈ ξ, has an accumulation point in X . If X is bounded in itself, then we say that X is pseudocompact. It is easy to see that for Tychonoff spaces this definition of pseudocompactness is equivalent to the usual one, i.e., every continuous real-valued function on X is bounded. According to [1, Theorem 1] , if X is a regular space with a regular G δ -diagonal, then the closure of every bounded subset A of X is metrizable. The following two corollaries are immediate consequences from Theorem 25 and the above result.
Corollary 26.
Let G be a regular paratopological group with countable π-character. Then every bounded subset of G is metrizable.
Corollary 27.
If G is a regular paratopological group with countable π-character, then every pseudocompact subspace of G is compact and metrizable.
Proposition 28.
If G is an ω-narrow Hausdorff paratopological group with countable π-character, then G admits a continuous bijection onto a second-countable Hausdorff space.
Proof. By Corollary 23, G is separable. Theorem 25 implies that G has a regular G δ -diagonal. According to [6] , if G is a separable space with a regular G δ -diagonal, then G admits a continuous bijection onto a second-countable Hausdorff space.
